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Abstract

Pollution modeling plays a crucial role in combating climate change and protecting
public health. Scientists rely on traditional numerical methods, such as finite differ-
ence method and computational fluid dynamics, for accurate pollution simulations;
however, they are resource-intensive and time-consuming, often taking days to
execute. Physics-Informed Neural Networks (PINNs) present a promising alter-
native, capable of significantly improving speed while maintaining high accuracy.
In our research, we developed a PINN to model pollution spread under laminar
flow conditions in a two-dimensional environment with obstructions. Our model
integrates the Navier-Stokes and advection-diffusion partial differential equations
(PDEs) and enforces no-slip and zero-flux Neumann boundaries at obstruction
surfaces and simulation edges. We used a hybrid learning approach, generating a
dataset of 16.1 million colocation points for supervised learning and embedding
physical laws into the loss function for unsupervised learning. In our experiments,
the PINN was over 2520 times faster than the traditional numerical solvers for
5000 timesteps, delivering results in under 2190 milliseconds and achieving a mean
squared error below 3E-5. Our findings demonstrate that PINNs not only offer
a drastic reduction in computational time but also scale favorably with both the
time domain and spatial resolution, making them a viable solution for real-time
pollution monitoring and emergency response planning. Future work will focus on
extending our model to dynamic obstructions and arbitrary grid geometries.

1 Introduction

Pollution modeling enhances our ability to combat climate change. Scientists rely on pollution models
to provide critical data for emissions management [1], climate predictions [2], health protection [3],
and sustainable energy planning. Traditionally, pollution simulations use numerical methods, such
as the finite element method [4], finite difference method, finite volume method, smooth particle
hydrodynamics [5], and computational fluid dynamics [6] to solve PDEs, which are the types of
equations seen in physical laws. While these are tried and tested methods, one of the biggest
downsides is that they are known to be slow, taking days to run [7]. However, with recent advances in
Machine Learning, researchers potentially have found a faster alternative to traditional numerical
methods [8, 9, 10]. In the past several years, researchers have successfully trained PINNs to solve
PDEs [11]. The reason PINNs can solve PDEs is that, given a big enough neural network, it is
theoretically capable of approximating any continuous function, no matter how complex it may be
[12]. Thus, neural networks are a promising technology that can, one day, render traditional numerical
methods obsolete [13].

In recent years, there has been a growing number of publications on the use of PINNs to model
pollution spread under various conditions. AI researchers at the California Institute of Technology
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were able to teach a neural network to solve the Navier-Stokes equations within an acceptable error
range in comparison to traditional numerical methods. However, this research was limited to solving
the Navier-Stokes equations on a continuous grid, without incorporating obstructions [14]. In a recent
paper [15], researchers employed PINNs to model free-surface laminar flows described by the shallow
water equations. While they used soft initial conditions, the study faced limitations due to the lack of
obstructions and the reliance on open boundaries across the domain. In [16], the authors introduce
a method to improve the accuracy of solving nonlinear partial differential equations by adaptively
focusing on difficult regions in the solution. While this research used soft initial conditions, they did
not include any obstructions in the flow domain.

Our review of recent publications on PINNs identified a focus on grids with open boundaries and
without obstructions. To enable more realistic pollution simulations that account for the spread
around obstacles such as buildings and other structures, our research seeks to build on these works by
introducing obstructions and incorporating soft initial conditions. Specifically, we will apply no-slip
and zero-flux conditions to both the obstruction surfaces and the edges of the simulation environment.
Additionally, we will integrate soft initial conditions by allowing the neural network to receive the
coordinates of the initial pollution source location as input. This approach will enable us to develop a
dynamic model capable of simulating pollution spread from any given source location.

2 Methods

2.1 Governing Equations and Simulation Environment for Pollution Spread

The spread of pollution is governed by the Navier-Stokes and advection-diffusion PDEs as shown in
(1) - (4). Numerical simulations for pollution spread consist of two general steps: solving for fluid
flow using (1) - (3) and advecting the pollutant particles using (4). We model pollution in a 2D 100 x
100 Cartesian grid for timesteps in range t ∈ [0, 5000], assuming laminar flow throughout. Figure 1,
shows the simulation environment with obstructions in white denoted by the Ω symbol in the left
image. We apply no-slip and zero-flux Neumann boundary conditions [17] along obstruction surfaces
and the edges of the simulation environment to ensure no pollutant flux occurs across boundaries. In
(5) - (8), n denotes the normal to the boundary. The initial pollutant source location and concentration,
shown in red, are programmed into our spatial grid using an exponential function.

Figure 1: Simulation environment with obstructions and the initial pollution source

2.2 Solving for Pollution Spread Numerically

Our PINN training consists of both supervised and unsupervised learning. For supervised learning,
we solve for pollution spread numerically to create the training dataset. We use the Navier-Stokes
PDEs for 2D cavity flow to calculate all the velocity components at each timestep. The momentum
equations for the ‘x’ direction, as shown in (1), and the ‘y’ direction, as shown in (2), along with the
Poisson equation for pressure, as shown in (3), are solved using the finite difference method (FDM)
to determine the spatially dependent velocity values throughout the grid. We first discretize these
equations to obtain the momentum and pressure equations in terms of their surrounding locations
and then rearrange them to arrive at the momentum equation in the u direction, as shown in (9),
the momentum equation in the v direction, as shown in (10), and the pressure Poisson equation,
as shown in (11). We then iteratively update the velocity components (u and v) and pressure (p)
for every lattice point within the domain. Once the velocity profile is established, we pass it to the
two-dimensional advection-diffusion equation (4) to simulate pollutant transport. We use FDM to
solve the advection-diffusion equation, employing forward difference for time derivatives and central
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difference for spatial derivatives. The discretized terms are substituted into (4) and rearranged to
arrive at (12), which is used to compute the pollutant spread ϕ at the next timestep.
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2.3 Data Collection for Supervised Learning

We run each simulation for timesteps in range t ∈ [0, 5000] with parameters: ∆t = 0.001, ∆x = 0.1,
∆y = 0.1, ρ = 1.0, µ = 1.0, ν = 1.0. The pollution source location is allowed to vary between (10, 10)
and (90, 90) outside of the obstruction. We collect random samples across multiple simulations to
create a colocation dataset. We gather approximately 16.1 million colocation points to train the PINN.
Additionally, it is important that the PINN receives specialized training to accurately learn the initial
state. To help the model learn the initial conditions of the simulation, we create a separate dataset
consisting of colocation points exclusively from timestep 0. Each colocation point includes five
inputs: t (timestep), x, y (position on the simulation grid), cx, and cy (coordinates of the pollution
source), and four outputs: ϕ (the concentration of the pollutant at the location specified by the input
parameters), u (the velocity in the x-direction), v (the velocity in the y-direction), and p (the pressure
at the location). The top row of Figure 2 illustrates the ground truth for a pollution source located at
coordinates cx = 20, cy = 20 for timesteps 2000, 3000, 4000, and 5000.

2.4 Supervised, Unsupervised and Hybrid Learning

The objective of supervised training is to minimize the mean squared error (MSE). At a colocation
point, if we assume the PINN’s prediction to be ypred and the actual pollution to be yact, then the
supervised loss function can be described as shown in (15). The same equation is also applied to the
initial condition colocation dataset to create a loss for the initial condition as shown in (16).

To enhance the PINN’s accuracy through unsupervised learning, we embed the governing equations
directly into the loss function. This ensures that the model adheres to the physical laws governing
fluid and pollutant dynamics. The unsupervised loss is derived from the Navier-Stokes equations for
laminar flow and the advection-diffusion equation for pollutant transport. We introduce the loss terms
in (17)-(24), and define the total unsupervised loss, LU , as their weighted sum, as shown in (25).

We adopt a hybrid learning approach that combines supervised and unsupervised learning, allowing
the PINN to learn from both the dataset of colocation points and the governing physical equations.
The hybrid loss function LH , as shown in (26), integrates the supervised losses LS and LI with the
unsupervised loss LU . Initially, we set the weights of the unsupervised loss to a low value to prioritize
supervised learning, gradually increasing them as training progresses. This strategy improves the
model’s generalization, ensuring it adheres to physical laws even when supervised training data is
sparse.

2.5 PINN Architecture and Training Procedure

We split our colocation dataset into training and testing sets to build and validate the PINN. We train
the network using the training set to predict pollutant spread for any combination of t, cx, cy, x, and
y, and validate its performance using the testing set. Our network architecture includes an input layer
with 5 neurons, four hidden layers with 150 neurons each, and an output layer with 4 neurons. We use
the hyperbolic tangent as the activation function. We scale input features to [-1, 1] and unscale the
output values after predictions using (13) and (14). We train the network with the Adam optimizer,
starting at a learning rate of 0.001 and gradually decay it to 0.0005. The MSE serves as our loss
function, and we train the PINN for 52 epochs with a batch size of 128. We finalized this architecture
after several rounds of experimentation, using recommendations from the Auto-PINN paper [18].
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3 Results

The goal of a physics-informed neural network is to replicate the results of traditional numerical
methods and to do it much faster. So, the performance of a PINN can be measured using two
metrics: the mean squared error (MSE) when compared to the traditional numerical method and the
speed advantage of the PINN over the traditional numerical method. The PINN results for cx = 20,
cy = 20, and timesteps 2000, 3000, 4000, and 5000 are shown in the bottom row of Figure 2. The
PINN successfully replicated the ground truth results from the traditional solver, as shown in the top
row of Figure 2 within an MSE of 0.00003.

Figure 2: Ground truth (top) and PINN results (bottom) for cx = 20, cy = 20, t =
2000, 3000, 4000, 5000.

We executed the PINN and numerical model across 34 combinations of cx and cy values, with
timesteps ranging from 1000 to 5000. The PINN consistently returned results in under 2190 mil-
liseconds while the numerical model’s runtime increased significantly: over 27 minutes for 1000
timesteps, 45 minutes for 2000, 56 minutes for 3000, 77 minutes for 4000, and 92 minutes for 5000
timesteps. For 5000 timesteps, the PINN was over 2520 times faster. As the number of timesteps
increases, the time advantage of the PINN over traditional methods approaches infinity. Figure 3
illustrates the progression for a source at cx = 20, cy = 80, from 15 to 4500 timesteps. Figure 4
shows the progression for a source at cx = 80, cy = 80, from 15 to 2500 timesteps. In both figures,
the starting points are on the left, the numerical model results are in the middle, and the PINN results
are on the right. The PINN’s MSE consistently remained below 3E-5.

4 Conclusion

Pollution models are crucial in combating climate change by identifying high-impact sources and
informing targeted emission reduction efforts. These models also help optimize renewable energy
strategies, such as the placement of wind and solar farms, to lower carbon footprints. Traditionally,
scientists model pollution using complex physical simulations that rely on resource-intensive and
time-consuming numerical methods. A promising alternative is the use of PINNs, which offer three
key advantages: they are faster, capable of solving for any subdomain within a solution space, and
resolution-invariant. As operators, PINNs can bypass sequential timestep calculations, efficiently
solving time-dependent partial differential equations for any point in time. Additionally, their
ability to operate on subdomains, provides greater flexibility and speed. Finally, PINNs trained on
lower-resolution data can generate higher-resolution predictions, enhancing their utility in complex
simulations. In our research, the PINN accurately modeled pollution spread for any source location
with no-slip and zero-flux boundaries around obstructions, achieving an MSE below 3E-5 and
performing 2520 times faster than numerical simulations. Our results also demonstrate that the time
advantage of neural networks over numerical methods increases with both the time domain and spatial
resolution. For future work, we aim to support arbitrary grid geometries and dynamic obstructions.
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5 Supplementary Material

5.1 Equations
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5.2 Figures

Figure 3: Ground Truth vs. PINN comparison for 4500 timesteps for pollution source (20, 80).
Note. Left: Pollution Source cx = 20, cy = 80, t = 15. Middle: Ground Truth t = 4500. Right:
PINN Results t = 4500

Figure 4: Ground Truth vs. PINN comparison for 2500 timesteps for pollution source (80, 80).
Note. Left: Pollution Source cx = 80, cy = 80, t = 15. Middle: Ground Truth t = 2500. Right:
PINN Results t = 2500
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