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Abstract

The Madden—Julian Oscillation (MJO) is an influential climate phenomenon that
plays a vital role in modulating global weather patterns. In spite of the improvement
in MJO predictions made by machine learning algorithms, such as neural networks,
most of them cannot provide the uncertainty levels in the MJO forecasts directly.
To address this problem, we develop a nonparametric strategy based on Gaussian
process (GP) models. We calibrate GPs using empirical correlations. Furthermore,
we propose a posteriori covariance correction that extends the probabilistic coverage
by more than three weeks.

1 Introduction

The Madden—Julian Oscillation (MJO), first discovered by [1], is the dominant mode of intraseasonal
variability (20—-100 days) of the tropical atmosphere. The MJO is described as one of the engines
of the climate system [2]] powering the atmospheric circulation in the tropics and extratropics. The
atmospheric teleconnections to the extratropics represent one of the major sources of predictability on
the subseasonal-to-seasonal (S2S) timescale [3]]. S2S forecasts have been identified to be more broadly
useful to climate decision makers than are climate projections [4]. The MJO forms in the equatorial
Indian Ocean and propagates eastward along the equator alternating between phases of active and
suppressed rainfall. In 2004, Wheeler and Hendon [3]] introduced the Real-time Multivariate MJO
(RMM) index for describing the MJO characteristics including its magnitude and phase. The RMM
index consists of a pair (in quadrature) of principal component (PC) time series known as RMM1 and
RMM?2 (RMM = \/ RMM1? + RMM2?). RMMI1 and RMM2 are the first two PCs of combined
outgoing longwave radiation and zonal winds in the lower (850 hPa) and upper (200 hPa) troposphere
averaged between 15S and 15N.

The MJO can alter weather patterns over the Earth, influence the El Nifilo—Southern Oscillation events,
and affect the tropics and mid-latitudes, such as monsoons, rainfalls, extreme heat events, and tropical
cyclogenesis. The accurate forecast of MJO can assist in agriculture, disaster response, and economic
planning. In recent decades, many efforts have been made to improve MJO forecasting, but most
methods rely on dynamical models [6L (7} 18] or artificial neural networks (ANNSs) [9, 10} [114 1213} 14]]
that have limited ability in quantifying the uncertainty of predictions. To fill this gap, we introduce a
probabilistic model for predicting the amplitude and phase of the MJO.
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Figure 1: Time series of RMMs (Jan-01-1979 to Dec-31-2022).

In this paper we employ Gaussian process (GP) models with empirical correlations to predict and
quantify the uncertainty of the RMMs. In addition to quantifying the uncertainties, we demonstrate
that our nonparametric model has a better prediction skill than the ANN models for the first five
forecast lead days. The results of our experiment are also available on the project website http:
//gp-mjo.github.io/l

2 Data

The daily MJO RMM index datasetmused in the study is provided by the Bureau of Meteorology.
RMM1 and RMM2 values are available from June 1, 1974, to the most recent date. Because of the
missing values before 1979, we select the dataset from January 1, 1979, to December 31, 2022, for
our study (Figure [T). The dataset is divided into three subsets: the training set is used to determine
the parameters of the prediction and corresponding variance, the validation set is used to obtain the
corrected variance with increasing lags, and the test set is used to verify the results.

3 Method

We defer the background material on forecasting and GPs to Appendix [A]

Model We denote the values of RMM1 and RMM?2 on the ¢th day by zt(l) and zt(2) , respectively.
Suppose [zt(l), zt(Q)]T is a bivariate GP defined as in (@). Our training data D(1:?) = {X(1:2) y(1:2)1
is of size n with lag L and is denoted by

(1) (1)
X2, = [i(z)} e R2Lxn y(12), - B(z)} € R*x", (D

where X1, X(2) y(l), y(2) are the matrices and vectors defined in equation . The objective

is to model the probability distribution of [zt(,} ), z,§2 )]T over the next 7 days conditioned on the
past L days. Inspired by the cross- and auto-correlations of the RMMs shown in Figure 2] we
first use the cubic spline interpolation to simulate Cov[y(*?), X(1:2)] and Cov[X(1:2) X (1:2)]. After
obtaining the empirical mean E[y(1:?)] and covariances Cov[y*?), X (1:2)], Cov[X (1) X (1:2)] from
the training data D(12), we can apply them to equations and to obtain the prediction p,. and
corresponding covariance K, at time ¢t*. Next, we add the prediction [251 ), 252 )]T to the predictors
used for the next step to obtain the predictive distribution of [ét(l 1_1, ét(2 ll]T by using equations li
and again. We repeat the steps until we reach the time t* — 1 + 7 (see Figure[6]and Appendix

[A22] for more details).

Correction to the predictive variance Note that the covariance K- in equation (I2) is related only
to the value of lag L, which is one in our study, and is unrelated to the lead time 7 or the predictor
values. However, as we predict for longer lead times, the predictive variance should increase because
observations are replaced by predicted values. To correct the covariance, for each lead time we use a
validation set of size n, with lag L to compute the averaged bias between the posterior mean and true

"http://www.bom.gov.au/climate/mjo/graphics/rmm. 74toRealtime. txt
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Figure 2: Cross-correlations and auto-correlations of RMMs with maximum lag = 60 days.

observations. Hence, the corrected variance 7o) (7) is given by

VE(r): = Varlz (7)) ~ Var22) (7)] + Bias (2 (7), 22 (v )) :
Ca LSRN0 ) ()2 @
~ K- [j, j] + . Z (Zt (1) — 2 (T)) )

Yoi=1

where z(] )( ) is the predicted value for lead time 7 obtained by the above iteration, Z(J )( ) is the
correspondlng true observation, and K;-[j, j] is the [j, j]th entry of the covariance matrix K-,

7 = 1,2. Then we scale the K« to the corrected covariance Kt*( ) for lead time 7 in ( . ) by using

the variances {V;"”) (7) IR
Confidence region The (1 — «) confidence region of the p-variate normal distribution is a hyperel-
lipsoid bounded by Xf,(a), the chi-square distribution with p degrees of freedom at the level « [[15].
Lemmas and. 2|aid in constructing a confidence region for the prediction [2& ) (1), 2§2 ) (7)]" at

lead time 7, where [z,gl)( ), 2752) (7)]" ~ N (ps, Ky« (1)) after updating the covariance.

4 Experiments and results

Prediction skill The performance of the model is measured by the bivariate correlation coefficient
(COR) and root mean squared error (RMSE) defined in equations @[) and (16)). We also analyze
the phase error £, and the amplitude error E4 of RMMs defined in equations (17)) and @) of our
model. The evaluation is conducted for two values of the lag, L = 40, 60, size of the training set
n = 10000, size of the validation set n,, = 2000, number of predictions for computing the errors
ny, = 365 x 5 = 1825, and forecast lead time 7 = 1,2, ..., 60.
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Figure 3: Prediction skill quantifiers and errors of the model. Left: COR and RMSE over 1,825
predictions with lag L = 40, 60, respectively. Right: Phase error (degrees) and amplitude error over
1,825 predictions with lag L = 40, 60, respectively.

The results of the prediction skill and errors are shown in Figure[3} The values COR = 0.5 and RMSE
= 1.4 are the commonly used skill thresholds for a climatological forecast [[16]. In this figure we see
that our model has a prediction skill of 12 days for both lag L = 40 and L = 60 with threshold COR
= 0.5. Regarding the RMSE, the prediction skill is longer than 60 days for L = 40 with threshold
RMSE = 1.4, while the RMSE for lag L = 60 crosses the threshold value on day 28 and fluctuates
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Figure 4: 60-day time series of MJO for Aug—15-2012 to Oct—13-2012 for lag L = 40, 60. We
denote observations (truth) by black dots; denote predictions for lag L = 40 and L = 60 by blue
cross and orange cross, respectively; and denote ¢ confidence interval by shading. Top left: RMMI1.
Top right: RMM2. Bottom left: Phase (angle in the degrees 0° — 360°). Bottom right: Amplitude.

around RMSE = 1.4 throughout the following days. The fast decline of COR is due to the fact that
we use the empirical correlations from historical RMMs of large size in our model. Specifically,
when the forecast lead time increases, the predicted RMMs will become smaller and smoother due to
the empirical correlations over a long period of time, giving rise to the smaller variations of RMMs
than the true observations and therefore a lower COR. The small value of the predicted RMMs also
accounts for the tiny changes in RMSE after day 24 of the forecast lead time. As for the phase
error (the angle of RMMs in degrees), we observe that most phase errors are positive, indicating a
faster propagation relative to the observations. For the amplitude errors, we note that all of them are
negative. Because of the smaller values of the predicted RMMs with forecast lead time increasing,
the amplitude is underestimated, resulting in negative amplitude errors.

Uncertainty quantification Here we pick one sample (Aug—15-2012 to Oct—13-2012) out of
n, = 1825 predictions with 7 = 60 forecast lead days to present the uncertainty quantification of the
predicted MJO in Figure ] This example shows that predictions capture the general trend seen in
observations. The o confidence intervals grow as the forecast lead time increases and cover most of
the range of observations. To obtain the complete picture of MJO prediction, we summarize results
in Figure 4{ and an MJO phase diagram as shown in Figu the animated plots are on the project
website https://gp-mjo.github.io/. See Appendix [B.2|for more details.

5 Conclusion

In this work we develop a probabilistic model to predict the MJO and quantify the prediction
uncertainty by using GPs with empirical correlations. Our model demonstrates good performance
on the daily RMM index dataset from January 1, 1979, to December 31, 2022. The model is highly
effective and stable because it does not require optimizing the hyperparameters and is insensitive to
lags of the predictors. Future work will focus on the effects of seasonal factors in our model.
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A Background

A1 MJO

The strength and position of the MJO are usually defined by two indices known as RMM1 and RMM2.
They are derived as the dominant PCs of the multivariate EOF analysis of the satellite measurement
of outgoing longwave radiation and the strength of the east-west component of the wind field at 850
mb and 200 mb [17]. The position and strength of the MJO are usually presented as a point on a
Wheeler—Hendon diagram (Figure E]); within the center circle, the MJO is considered inactive/weak.
The diagram is split into 8 phases, which represent different regions of the globe.
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Figure 5: (RMM1, RMM2) phase space points for all available days in DJF season from 1974 to
2003 [5].

A.2 Forecasting

Probabilistic forecasting problem In the general probabilistic forecasting problem [[18] [19]], we
usually denote M univariate time series by {z/) ', }iL1 » where zg% c = (W DAY )) is the
(@) +

jth time series and z;

j=1>
is the value of the jth time series at time ¢, 1 < ¢ < T}. Our goal is to model
the distribution of Z% ) 1iry 4 At the next 7 time conditioned on the past:

p(22 g | 24005 0), 3)

where © is the set of the learnable parameters shared by all M time series.

For the MJO data, zgl) represents the RMM1 index on day ¢, z§2) represents the RMM?2 index on
day ¢, and M = 2. We set the same lag L for both RMM1 and RMM?2, namely, 71 = 15 = L. The

goal of this work is to obtain the predictive distribution of the vector [zt(l), Z§2)]T at the next 7 time
conditioned on the past L days:

(1) (1)
p( [Z%z “*T] [Z%ﬁ 0). *
FL4+1:L+7 21:L

Multistep time series forecasting The objective of multlstep tlme series forecastmg [20, 211 22] is

to predict M -variate time series at the next 7 time {zT LTy 4T :1 given {2(3 ) J 1> where 7 > 1.



A multistep prediction is typically carried out using the iterative method. In this technique, the values
computed for each step ahead are sent to the next step as inputs. The iterative method can be written
in the autoregressive model as follows:

1 1
Zt( ) fl(zt( )Tlt 1)
| = : : 5)
M
ZIE ) fM(Zt Torit— 1)
where f1, ..., fas are random functions. After the learning process, the predicted values at the next
T time are given by
' fJ<Zt Tyit— 1) ifr =1
%Ei)r_l = f](zé )T —147it— 1aZt( t) orr) fT=2,...T; (6)
fJ(Zt T —1+47:t— 24r) ifr=T;+1,...,
where j =1,..., M, 2§j ) is the predicted value of the jth sequence of time series at time ¢. Figure

[6] illustrates the case where M = 2, T} = Ty = L for the iterated method. The iterated method

has also been applied to many classical machine learning models such as recurring neural networks
[23], 241 251, hidden Markov models [26, 27, 28], and so on.
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Figure 6: Iterated method for the multistep time series forecasting for two outputs with lag = L, lead
time =7 (7 > L).

A.3 Gaussian processes

GPs A Gaussian process (GP) [29] is a collection of random variables such that every finite number
of which have a multivariate normal distribution. A GP is defined by a mean function p(-) and a
covariance function K (-, -) and is denoted by GP(u(-), K(-,-)).

GP regression Given a dataset D = {X,y} comprising the inputs X = {x;} ; (where x; € R?)
and the corresponding observations y = (y1,¥2,...,¥n) ' (where y; € R), suppose y; = f(x;);
here f: R? — R is a random function. Gaussian process regression assumes that the unknown
function is a prior GP, denoted as f(- ) GP(u(-), K(-,-)). Then the posterior distribution at a set of
test points X* = {x}}™ , (where x} € R?) has the following form:

p(f(X*)I D) = N(E[f(X*)|D], Cov[f(X")[D)), M



E[f(X*)|D] = u(X*) + K(X*, X)[K(X,X)] " (y - u(X)), (8a)

Cov[f(X*)|D] = K (X*, X*) — K(X*, X) [K(X,X)] ' K(X,X"), (8b)
A.4 GP for the MJO

Empirical GPs for the bivariate time series Here we denote the bivariate time series of RMMs by
{zt(] )}thl, j = 1,2, where T is the length of the time series. Suppose

(1) (1) o] .o
2 Ng’p( 2 K(|* 2y
o] e[ o) [

))- ©)

Then the predictive distribution of [z,gl), z§2)]T at time ¢* for the lag L is
20| 22 e
o[ [ = i
2 Pt —Lit*—1

and p,. € R?*! K;. € R?*2 can be obtained by the following equations and :

oy :]E|: Zlg) Z{E;})—L:t*—l ]
t @0 _

t* —L:t*—1
(1) (1) (1)
= ]E[ [Z'Eg) } + Cov[ lzfz)] ; [Zt(;)_L:t*_ll }
Zg Zpx Zt*—L:t*—l

1 1 _ 1 1
ng*)—L:t*—l Zi*)—L:t*—l } ! Z:E*)—L:t*—l —E[ Zt(*)—L:t*—l } (11)
(2) > (2) (2) (2)
Rgr—Litx—1 Zpr—Litx—1 Zpr—Litx—1 Zpx—Litx—1

<= 1] ] e ][]

XM [xXO]-1 (2O X1
Covuxw]’{xwﬂ (lim“ ' —E[[xw“ ’

Ptr—Litx—1
LY [0
K- = Cov [%(2)1 [ t(;)L:t*ll }
s Ppr—Litr—1
[ (W - (1) (1)
= Cov| [*t ], |74 —Cov[ ol |y et }
8] [ )1 ol ) [
T.a ¢! _ 1
ot ] T T ] 0]y a2
(2) 1 (2) 1 (2)
|“t*—Lit*—1] | *Ft*—Lit*—1 Zpx—Litx—1 2
(D] [y - M1 xM
o [] - [yn] - ool ][]
[y@] [y@] | YO |x®
XM XM 7-1 X7 [y
Cov| X(2>} ) {X@) } COV{ X@ | |y }

where - T
ik
Gy _ | *2L+1 Lxn G) _ ZLJ+2 Ixn
X = : eRIxn yO) = |7F eR" =12 (13)
S 2

In equations (TT)) and (T2), we use the empirical mean and covariance of n training data with lag L to
approximate the expectation of the target and the covariance of the target and predictors.



Covariance update The corrected covariance K- (7) corresponds to the lead time 7 and can be
scaled via the following transformation:

7O (r) K, [1.2VVED ()W (r)
K, — Ki-[1,1] K[1,2] R (r) = * VE o (L1 /K, [2,2]
K [2,1] K[2,2] K, 21V () VY (1) 7 ()

VE [1,1] /K« [2,2]
(14)

where V() (1) and v (7) are defined in formula .

Confidence region To obtain the confidence region of the distribution A(gt,., K- (7)), we use
Lemmal[Adland Lemma[A2]as follows.

Lemma A.1. (Result 4.7 in Section 4.2 in [13]) Let N, (p, ) denote a p-variate normal distribution
with location p and known covaraince 3. Let x ~ N, (u, 2). Then

(a) (x — p) B (x — ) is distributed as Xz Where X denotes the chi-square distribution
with p degrees of freedom.

(b) The N,,(p, X) distribution assigns probability 1 — « to the solid hyperellipsoid {x: (x —

n) ' EHx—p) < X3 (a)}, where x2(cv) denotes the upper (100cv)-th percentile of the X,
distribution.

Proof. See proof of Result 4.7 in Section 4.2 in [13]. O

Lemma A.2. ((4-7) in Section 4.2 in [[I5]) The hyperellipsoids {x : (x — pu)T B~ (x — pu) = ?}
are centered at p and have axes £c\/\; e;, where \;’s, e;’s are the eigenvalues and eigenvectors of
3., namely, ¥e; = \je;, 1 =1,2,...,p.

Proof. From Result 4.1 in Section 4.2 in [13] we know that if 3 is positive definite and Ye; =
A;€;, then \; > 0 and E_lei = /\%_ei. That is, (A%_,ei) is an eigenvalue-eigenvector pair for
1. According to the definition of the hyperellipsoid in quadratic form, we can conclude that the
hyperellipsoids {x : (x — ) X7 ! (x — ) = ¢®} are centered at p and have axes +c¢v/X; ;. [

Algorithm The entire algorithm of our model is described in Algorithm[I] and a flow chart of the
model is shown in Figure[7]

(/ _____ ~ \ s, - T = - N —_—— N
| Training set | |/ Validation set Test set
| l (| l
| [
For lag L and | | For lag L and For lag L and
lead time © | | lead time T

Posterior
mean

Empirical mean

Posterior
mean

\
I
I
I
lead time © |
I
I
I
I

Figure 7: Diagram of the GP model for the MJO forecast.
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Algorithm 1: GP model for the MJO forecast

Input: n : the size of training data
L :lag
t, : start index for the predictions in validation set,
to : start index for the predictions in test set,
7 : forecast lead time

{[z t(l) (2)] LA - training set

{[ ; (2)]}t_'~;f+7+"“_2 : validation set
{[z gl), ,52)] i“ tol ;, © starting predictors in test set
Output: {ut}?;gg !: predicted mean of {[2, s (1) A(Q)] f";{g_l
{K, (t—to+1) T ! predicted covariance of {[2t(1), 252)] ?J;gg‘l

Construct the training dataset D(1:2) = {X(1:2) y(1:2)1 by equations (1 and ,
X(1:2) c R2an, y(1:2) c R2xn
Compute E[y(1:2)]
) X(I:Q)] |:X(1:2):| |:COV[X(1:2) X(1:2)] COV[x(l:Q) y(1:2)}] .
Obtain Cov _ _ = ) < (1: 2 by cubic
[ {y(m) y(12) ] COV[y(LQ)’XuQ)] Cov[y(l.Q)’y(l.Q)] y
spline interpolation

In validation set, obtain {,, Kt}igfjgjf:f condition on {[z,gl) z(2)]}f J{Ljf -2 for

i=1,...,n, by equations (11) and (12); here K is equivalent for all ¢
In validation set, obtain modified covariances as a function of lead time

(K, (t—t, + 1)}t by (2) and

In test set, obtain {ut}igg_l by equation 1}

In test set, apply the covariances obtained in validation set to the covariances in test set according
to the corresponding lead time, K, (1) « K, (I),1=1,...,7
return p,, K; (t —to+ 1), t =to,...,to0+7—1

B Experimental details
B.1 Evaluation metrics

We evaluate the performance of the model by computing the following metrics.

COR and RMSE Bivariate correlation coefficient (COR) and root mean squared error (RMSE) are
defined as a function of the forecast lead time 7 as follows:

"p ( (1) 2 (1)( )JFZ 2) 5 (2)( ))

COR(T ; 15)
\/an (1) (2) \/an )) + (2§2) (T))2)
RMSE(7) = ni i (0 =200 + (&P - 52 (n)*), (16)
P =1

where z,g ) and z( ) are the observations of RMM1 and RMM2 on the tth day in the test set, 2§” (1)

and 25 )( ) are the predictions of RMM1 and RMM2 on the ¢th day in the test set for the lead time
of 7 days, and n,, is the number of the predictions.

Phase error and amplitude error Phase error /g and amplitude error F/4 are defined as a function
of the forecast lead time 7 as follows:

Ey(r)=—> (Pi(r) — P), 17)



1 A
Ea(r)=—> (Ai(r) = Ay), (18)

[ Jrasi
where P; is the angle in degrees (0° — 360°) of the observation of RMMs (zt(l), zﬁz)) on the tth day in
the test set, P,(7) is the angle in degrees (0° — 360°) of the predictions of RMMs (251) (), 2§2) (1))
on the tth day in the test set for the lead time of 7 days. A; is the observation of RMM amplitude on
the ¢th day in the test set, and A (7): = \/(é’t(l) (7‘))2 + (252) (7'))2 is the predicted amplitude on
the tth day in the test set for the lead time of 7 days.

B.2 Additional results

MJO phase diagram Figure [§] shows the MJO phase diagram for Aug—15-2012 to Oct—13-
2012 of our model with 68.0% confidence region. It is obvious from the figure that almost all
observations (black lines) are covered by the confidence region (colorful shadings), which shows
the good performance of our model. Animated phase diagrams can also be found on the project
website https://gp-mjo.github.io/, which show how the elliptical confidence region enlarges

with time.

60--Days MJO Phase Diagram with lag=40 60--Days MJO Phase Diagram with lag=60
—— truth
4 Phase 7 Wes —»— pred.mean (Aug) 4 .. Phase7 Western Phase 6
Pag pred mean (Sep) R Pacific
pred mean (Oct) ; )
21 Phase 8k . ‘  Phase 5 2{ Phase 8kk ) 'Phase 5
£ £
© 0O © (@)
~ % E 8 5 N % E g §
= o2 == = o =
: 0 53 25 2 9 B3 33
c | Es As % gs A5
= =
—2+{ Phasel .. Phase 4 —24{ Phasel . Phase 4
' Aug ' Aug
Indian Indian
4 Phase 2 Ocean Phase 3 al Phase 2 Ocean Phase 3
—4 -2 0 2 4 —4 -2 0 2 4
RMM1 RMM1

Figure 8: 60-days MJO phase diagram for Aug—15-2012 to Oct-13-2012 with lag L = 40, 60. Black
lines are observations (truth). Green lines are predictions in August, and green shadings are 68.0%
confidence region in August. Orange lines are predictions in September, and orange shadings are
68.0% confidence region in September. Pink lines are predictions in October, and pink shadings are
68.0% confidence region in October. Left: lag L = 40. Right: lag L = 60.
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