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Abstract

Ensemble data from Earth system models has
to be calibrated and post-processed. I propose
a novel member-by-member post-processing ap-
proach with neural networks. I bridge ideas from
ensemble data assimilation with self-attention,
resulting into the self-attentive ensemble trans-
former. Here, interactions between ensemble
members are represented as additive and dynamic
self-attentive part. As proof-of-concept, I regress
global ECMWF ensemble forecasts to 2-metre-
temperature fields from the ERAS reanalysis. 1
demonstrate that the ensemble transformer can
calibrate the ensemble spread and extract addi-
tional information from the ensemble. As it
is a member-by-member approach, the ensem-
ble transformer directly outputs multivariate and
spatially-coherent ensemble members. Therefore,
self-attention and the transformer technique can
be a missing piece for a non-parametric post-
processing of ensemble data with neural net-
works.

1. Introduction

In Earth system modelling, an ensemble of simulations
(Leith, 1974) is a Monte-Carlo approach to estimate uncer-
tainties in weather predictions (Bauer et al., 2015; Molteni
et al., 1996; Toth & Kalnay, 1993) or to assess forced re-
sponse and internal variability in the Earth system (Deser
et al., 2020; Kay et al., 2015; Maher et al., 2019). Every
ensemble members is physically-consistent in their multi-
variate structure. The ensemble can thus naturally represent
non-linear evolutions and non-Gaussian distributed states
as they appear in nature. Nevertheless, weather and cli-
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mate ensembles have to be post-processed (Hemri et al.,
2014; Steininger et al., 2020) by model output statistics to
correct model biases, calibrate the ensemble, and predict
variables that are not modelled by the Earth system model.
Often, post-processing targets summarized ensemble statis-
tics (Schulz & Lerch, 2021), predicting either the param-
eters (Gneiting et al., 2005; Raftery et al., 2005; Rasp &
Lerch, 2018) or the cumulative distribution function (Baran
& Lerch, 2018; Bremnes, 2020; Scheuerer et al., 2020; Tail-
lardat et al., 2016) of the target distribution. As a conse-
quence, the member-wise multivariate and spatial-coherent
representation of the ensemble forecast is lost. By contrast,
I propose a member-by-member post-processing approach
(Schaeybroeck & Vannitsem, 2015) with neural networks
and a self-attentive ensemble transformer that keeps the
spatial correlation structure within the ensemble intact.

To calibrate the ensemble, ensemble members have to be
informed about the evolution of other ensemble members.
The necessary term to represent the ensemble interactions is
missing in neural networks that are applied on each ensem-
ble member independently. As a consequence, this direct
neural network approach leads to a loss of information and
to problems with tuning of the ensemble spread.

Ensemble Kalman filters (Bishop et al., 2001; Burgers et al.,
1998; Evensen, 1994) include the dynamics between ensem-
ble members by using the predicted ensemble covariances
in a linear update step to assimilate given observations into
ensemble predictions. In their core approach, ensemble
Kalman filters are similar to (self-)attention modules (Lu-
ong et al., 2015; Vaswani et al., 2017; Wang et al., 2018) for
neural networks, despite having another terminology: the
value in attention modules or the state in ensemble Kalman
filters is modified based on weights estimated with keys (the
sensitivity in ensemble Kalman filters) and queries (obser-
vations). In self-attention modules, the keys and queries
are projections of the same input that is also used to project
the values. The module literally informs itself about the
searched information.

I bridge the ideas of the ensemble Kalman filters and self-
attention. I introduce the self-attentive ensemble transformer
for processing of ensemble data as neural network archi-
tecture by stacking multiple self-attention modules. Each
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(a) Schematic overview of the ensemble transformer architecture.
The separated side of the figure is a zoom-in to a single module.
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(b) Two selected attention maps (layer number, head number) from
the Transformer (5) experiment for 2019-09-01 12:00 UTC. Red
(blue) colours indicate a high (low) influence on the attention.

Figure 1. Schematic overview of the self-attentive ensemble transformer architecture and two exemplary attention maps.

module adds to the static value for each ensemble member
a dynamic self-attentive part that represents the interactions
between ensemble members. As these modules make use of
the permutation-invariance of the ensemble members, this
type of transformer can be seen as type of set transformer
(Lee et al., 2019). To test this idea and compare it to other
methods, I regress global ECMWF ensemble forecasts to
the 2-metre-temperature of the ERAS5 reanalysis project as
proof-of-concept experiments.

2. The self-attentive ensemble transformer

In the following, I introduce a single self-attentive trans-
former module as neural network layer. A schematic
overview over the architecture and module can be found
in Figure la.

Let Z; € R¥*exhxw be the input to the [-th layer with &k
ensemble members, ¢ channels, & latitudes, and w longi-
tudes. The goal of the module is to estimate the transformed
output t;(Z;) € R®*"*¥ of the i-th member based on the
input of all members. The transformed output is split into a
static part v; and a dynamic part 0t;(Z;).

The static part, also called value, encodes information that
is only dependent on the current ¢-th ensemble member. It
is a linear projection of the input V' = Z; W} with a linear
projection matrix W € R*¢ and ¢ number of channels in
the attentive space, also called heads.

The dynamic part adds information from all members to the
current ¢-th member. I represent this as additive and linear
combination of value perturbations with ensemble weights
w; € RF>*¢and v = k! Z?Zl v, as the ensemble mean
of the values,

k
ti(Z) = vi+0t(Z) =vi+ Y w; ;(v; — ).

Jj=1

(1)

In ensemble data assimilation, the update of ensemble pre-
dictions with observations is usually based on a similar
parametrization (Bishop et al., 2001; Hunt et al., 2007;
Lorenc, 2003). Since no observations are available for post-
processing purposes, the transformer module has to rely on
self-attention.

In self-attention, the weights are estimated based on the
same input data as the values (Vaswani et al., 2017; Wang
et al., 2018). Here, the observations are replaced by a query
q; € R®"xw_ The query represents the searched infor-
mation for the current ¢-th member and is estimated as
linear projection of the input data with a projection matrix
Wi e R°*€, This query has to be related to the value
perturbations of all members to estimate the weights. The
relation between query and values is established by a key
matrix K € RFX&xhxw which replaces the sensitivity ma-
trix in data assimilation. Again, a linear projection of the
input data with a projection matrix Wé‘ € R°*€ is used for
the key matrix.

The weight are estimated based on the similarity between the
query and key matrix. In correspondence to Vaswani et al.
(2017), the similarity is a scaled-dot product K (q;)T €
RE*€ over the latitudes and longitudes. To obtain non-
negative weights for a convex combination of value per-
turbations, the scaled-dot product is squashed through a
softmax activation,
w;
wl = —k -

k. ~
Zj:l Wi, j

These weights make thus explicitly use of the permutation-
invariance in self-attention for ensemble data.

w; = exp(

I model the output of the transformer module as residual
connection (He et al., 2015) with one residual branch and
one identity mapping. The residual branch is based on all
transformed ensemble members T'(Z,;) € RF*exhxw 4]
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estimated with (1) at the same time. These transformed
ensemble members are linearly projected by W € R®*¢
from the attentive space back into the original feature space
of the identity mapping. I initialize W} as all-zero matrix;
thus, only the identity mapping is used at the beginning of
the training. The output of the residual layer is activated
with an activation function f;, here the recitified linear unit
(ReLU), and results into the input Z;; of the next layer,

Zi4 = fl(zl +T(Z1)Wlo) 3)

This finishes the description of a single transformer module.

Since 8t;(Z;) is a convex combination of value pertur-
bations, one single-layered ensemble transformer module
might be not expressive enough. To extract more complex
and non-linear interactions between ensemble members, it
might be advantageous to stack multiple modules onto each
other.

The ensemble space (kK = 50) is normally much smaller
than the spatial space (in my case h x w = 2048). Because
the weights are estimated in this ensemble space, global
self-attention is performed efficiently by (1) and (2). The
costs of the ensemble transformer scales quadratically with
the number of members, but the weight formulation allows
training with another number of members than used for
inference as I show later.

The channels ¢ within the attentive space are similar to
multiple heads in standard self-attention as the dot product
is estimated over spatial dimensions. The channels can
thus represent different attentive regions. To discover such
regions with high influence, the element-wise product k -
q € RE*"XW of the ensemble mean key k = k! 25:1 k;

and the ensemble mean query ¢ = k! 2?21 g, can be
used. The here-exemplary shown maps (Figure 1b) possibly
represent regions with temperatures below the freezing level
and with heat anomalies.

3. Experiments and Discussion

In a first step, I explain the used architectures and training
methods. As second step, I discuss and visualize the results
from these experiments.

3.1. Experimental strategy

As input, I use data from the ECMWF ensemble prediction
system (IFS-EPS, ECMWEF (2019)) with & = 50 ensemble
members and three variables: the geopotential height on
the 500 hPa pressure level, the temperature on the 850 hPa
pressure level, and the 2-metre-temperature. The forecasts
with a lead time of 48 hours are valid for 00:00Z and 12:00Z.
They are fitted to the 2-metre-temperature of the ERAS
reanalysis project (Hersbach et al., 2020). The whole dataset

consists of three-years data (2017-2019): 2017 and 2018
are used for training and validation, whereas 2019 is used
for testing purpose. I randomly select 10 % of 2017 and
2018 for validation. As pre-processing, the global fields are
bilinearly regridded to h x w = 32 x 64 grid points as in
Rasp et al. (2020). The input data is normalized by their
global mean and standard deviation, fitted for every variable
independently based on the training dataset.

For all of my experiments, I use the same initial embedding
structure with three consecutive two-dimensional convolu-
tional layers, which are applied on every ensemble member
independently. For these convolutions, I use a kernel size of
5x 5 with a locally-equidistant assumption, ¢ = 64 channels,
and the ReLU activation. I circularly pad in longitudinal
direction and zero-pad in latitudinal direction.

In the Transformer experiments, I stack n ensemble trans-
former modules between the embedding and the output. For
linear projections within the transformer layers, [use 1 x 1
convolutions with ¢ = 64 heads. As proposed in (Xiong
et al., 2020), I apply layer normalization (Ba et al., 2016)
across the channels, latitudes, and longitudes before the
module input is linearly projected. As output layer, I use
a 1 x 1 convolution that combines the information from
64 channels into the 2-metre-temperature for each member
independently.

As baseline, I perform to additional experiments with two
other approaches. First, I post-process each member inde-
pendently with a neural network in the Direct experiments.
Secondly, I apply a parametric neural network (PPNN, Rasp
& Lerch (2018)) that outputs the mean and standard devi-
ation as parameters of a Gaussian distribution. In these
parametric networks, the embedding output is averaged over
all members and concatenated with the ensemble mean and
standard deviation of the inputted 2-metre-temperature, sim-
ilarly to Rasp & Lerch (2018).

In these baseline experiments, I replace the self-attention
modules with n residual layers (He et al., 2015) between
embedding and output. These layers are two 1 X 1 convo-
lutions with 64 channels and the ReLU activation function
in-between. These residual layers have been modified with
the fixed-update initialization in correspondence to (Zhang
et al., 2019). They are similar to the residual layer within
the transformer module without self-attention.

As loss function, I minimize for all experiments the continu-
ously ranked probability score (CRPS, Gneiting & Raftery
(2007); Hersbach (2000)) with a Gaussian assumption and
latitudinal weighting as in Rasp et al. (2020). For the trans-
former and direct experiments, I calculate the ensemble
mean and the ensemble standard deviation from the result-
ing ensemble members as CRPS estimation step. I have
trained all models on a Nvidia GeForce GTX 1060 with a
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batch size of 8 samples. Each experiment is optimized with
Adam (Kingma & Ba, 2017) and an initial learning rate of
1 x 1073, If the validation CRPS is not decreasing for 5
epochs, the learning rate is multiplied with 0.3 of its previ-
ous value. The training is ended if the validation CRPS is
not decreasing for 20 epochs or after 200 epochs. I have im-
plemented' the models with PyTorch (Paszke et al., 2019).

3.2. Results

To compare the experiments (Table 1 and Table 2), I eval-
uate the latitudinal weighted spatio-temporal mean CRPS
to the ERAS reanalysis, the weighted spatio-temporal root-
mean-squared-error of the ensemble mean (RMSE), and
the square-root of the latitudinal weighted spatio-temporal
mean of the ensemble variance (Spread). If the ensemble
spread is calibrated, it should match the RMSE.

Table 1. The CRPS to the reanalysis, the ensemble mean RMSE,
and the mean ensemble spread in the test dataset for all 50 ensem-
ble members. The number behind the experiments indicates how
many members were subsampled in each training sample.

Name (members) | CRPS  RMSE (K)  Spread (K)
Transformer (10) 0.42 0.91 0.91
Transformer (20) 0.42 0.92 0.90
Transformer (50) | 0.42 0.92 0.89

The training speed depends on the number of ensemble
members that are used during the training. To reduce the
trainings costs, the ensemble can be subsampled by ran-
domly selecting fewer members for each training sample
(Table 1). Because of additional noise, smaller subsampled
sizes help to regularize the networks, but a too small sub-
sampled ensemble can lead to an unstable training. To strike
a balance, I subsample 20 members in each training sample
for all subsequent experiments.

The general performance of all methods is bounded by the
available information from the input fields as can be seen
in Table 2. Nevertheless, the PPNN and Transformer ap-
proaches scale slightly with increasing network depth that
leads to lower RMSE and CRPS values with increasing num-
ber of layers. Since the RMSE of the Transformer experi-
ments is reduced compared to the Direct and PPNN experi-
ments, the self-attention mechanism can extract additional
information from the interactions between ensemble mem-
bers. In addition, the experiments with the Transformer have
a perfect spread-skill ratio (a probability integral transform
histogram is shown in the Appendix, Figure 3), whereas
the ensembles in the Direct experiments are too small and
underdispersive. Therefore, the self-attention mechanism
enables ensemble calibrations with neural networks and a

"Tmplementation can be found under: https://github.
com/tobifinn/ensemble_transformer

Table 2. The CRPS, the ensemble mean RMSE, and the ensem-
ble standard deviation in the test dataset. The number behind the
experiments indicates how many additional layers between em-
bedding and output layer are used. Bold values represent the best
performing methods.

Name (layers) CRPS RMSE (K) Spread (K)
Climatology 2.60 6.12 6.05
IFS-EPS raw 0.52 1.12 0.73
PPNN (0) 0.44 0.96 0.87
PPNN (1) 0.43 0.95 0.87
PPNN (5) 0.42 0.93 0.87
Direct (1) 0.45 0.95 0.70
Direct (5) 0.45 0.96 0.70
Transformer (1) 0.42 0.91 0.91
Transformer (5) | 0.41 0.90 0.90

member-by-member approach. As a result, the ensemble
transformer is the best performing method even compared
to the parametric PPNN approach.
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Figure 2. The spatial correlation within the 50 ensemble members
from the IFS-EPS data and the Transformer(5) experiment at 26th
January 2019, 12:00 UTC, estimated to the yellow-marked grid
point of interest, roughly representing the position of Chicago.

Linear spatial patterns within the ensemble members can
be found by analysing the ensemble correlation structure
(Figure 2). Here, the post-processed ensemble members
represent similar correlation structures as they can be found
within the raw IFS-EPS ensemble. Normally, additional
methods like Gaussian copulas (Lerch et al., 2020; Schefzik
et al., 2013) are needed to represent such multivariate struc-
tures within a post-processed ensemble. The ensemble trans-
former is a member-by-member approach and adds inter-
actions between ensemble members as dynamic term. It
can thus directly output spatially-coherent ensemble mem-
bers despite only targeting an univariately spatio-temporal
averaged CRPS during training.
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4. Conclusion

Based on the results of post-processing global ECMWF
ensemble predictions to ERAS 2-metre-temperature reanal-
yses with ensemble transformers and convolutional neural
networks, I conclude the following:

¢ Self-attention can inform ensemble members about the
evolution of other members within a neural network.
Global self-attention can be hereby efficiently repre-
sented within the space of the ensemble members.

¢ The ensemble transformer can calibrate the ensemble
spread. Furthermore, it can extract additional informa-
tion from the interactions between ensemble members.

* Ensemble transformer can directly process ensemble
members without using ensemble statistics and out-
put again multivariate and spatially-coherent ensemble
members.

Therefore, the self-attentive ensemble transformer can be
a missing piece for a member-by-member post-processing
of ensemble data with neural networks and without using
summarized ensemble statistics.

Single model initial-condition large ensembles of climate
simulations have to be calibrated (Suarez-Gutierrez et al.,
2021) for potential biases in the forced response and inter-
nal variability. This study proofs that the training of self-
attentive ensemble transformer for global post-processing
of Earth system models is possible. By leveraging histori-
cal runs and observations, such a transformer can be thus
trained to calibrate these single model large ensemble. This
could then result in an improved assessment of the forced
response and internal variability in the Earth system.
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A. Additional results
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Figure 3. Probability integral transform (PIT) histogram for the
IFS raw data, the PPNN (5) experiment, and the Transformer
(5) experiment for all grid point and time steps within the test
dataset. The PIT histogram of the IFS-EPS raw and Transformer
(5) experiment results out of a rank histogram. Because of the
parametric approach, the PPNN histogram originates out of the
Gaussian conditional probability functions.



