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ABSTRACT

Severe hailstorms are responsible for some of the most costly insured
weather events in Australia and can cause significant damage to homes,
businesses, and agriculture. However their response to climate change re-
mains uncertain, in large part due to the challenges of observing severe
hailstorms. We propose a novel Bayesian approach which explicitly models
known biases and uncertainties of current hail observations to produce more
realistic estimates of severe hail risk from existing observations. Training
this model on data from south-east Queensland, Australia, suggests that
previous analyses of severe hail that did not account for this uncertainty
may produce poorly calibrated risk estimates. Preliminary evaluation on
withheld data confirms that our model produces well-calibrated probabili-
ties and is applicable out of sample. Whilst developed for hail, we highlight
also the generality of our model and its potential applications to other severe
weather phenomena and areas of climate change adaptation and mitigation.

1 INTRODUCTION

On a continent regularly ravaged by bushfires, floods, and cyclones, storms producing hail
greater than 2cm in diameter (hereafter severe hailstorms) over densely populated cities
still stand among Australia’s most costly insured weather events (McAneney et al., 2019;
Insurance Council of Australia, 2022) and can seriously damage homes, businesses, and
agriculture (e.g. Changnon (1992); Trapp et al. (2006)). To better prepare for these changing
social and economic impacts as our climate warms, it is first necessary for us to know when
and where severe hail risk is highest today (Pucik et al., 2019). However, hailstorms are only
beginning to be resolved even in high-resolution climate models due to their small spatial
and temporal scale and our incomplete knowledge of the relevant microphysics (Raupach
et al., 2021; Mahoney et al., 2012; Brooks, 2013; Leslie et al., 2008). Hence, we must rely
upon observations, which are themselves rare and biased, to understand severe hail risk
(Brooks et al., 2003; Knight and Knight, 2001; Raupach et al., 2021; Schuster et al., 2005).

In situ severe hail observations (hereafter hail reports) are typically made by storm chasers
and the general public. Thus, many hail events are not reported and hail reports are
concentrated around densely-populated areas introducing a significant, temporally-varying,
spatial bias into the dataset (Brimelow and Taylor, 2017; Allen and Karoly, 2014; Allen
et al., 2011; Tuovinen et al., 2015). Hence, many analyses of hail risk employ radar data,
which provide consistent spatial and temporal coverage (Warren et al., 2020; Brook et al.,
2021). However, radar data alone is insufficient to definitively separate severe hail from hail
less than 2cm in diameter and heavy rain (Knight and Knight, 2001; Brook et al., 2021).
Whilst thresholds on various radar products exist which attempt to discriminate these two
categories (e.g. Warren et al. (2020)), these thresholds a frequently selected from analysis
of biased reports and do not account for uncertainty in the link between radar data and
severe hail at the surface.

We take a different approach by developing a probabilistic Bayesian framework relating
radar data to the probability of hail at the surface whilst accounting for chronic under-
reporting of hail. Our approach facilitates the rigorous inclusion of prior knowledge and a
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probabilistic characterisation of observational uncertainties. We apply the model to south-
east Queensland, Australia, a known hail hotspot (Soderholm et al., 2019), although stress
the model’s generalisability.

2 DATA AND BAYESIAN MODEL

We compile, for our model, a 0.25°, 6-hourly gridded dataset combining radar observations,
hail reports, and population density estimates south-east Queensland (see Appendix A).
From radar, we utilise the Maximum Expected Size of Hail (MESH) (Witt et al., 1998), a
transformed, temperature-weighted, vertical integral of reflectivity, and take the maximum
in each grid cell. Only data during Australia’s hail season, taken conservatively to be
September - April inclusive (Allen and Karoly, 2014; Allen et al., 2011; Schuster et al.,
2005; Rasuly et al., 2015), are considered. Our models are trained on data from January
2010 - April 2015 inclusive and tested upon September 2015 - April 2016.

We derive our model in Appendix B. Crucially, for grid cell 7 at time ¢ with associated obser-
(t)
of a report Rgt) via the latent binary hail variable H i(t) using logistic functions. Specifically,
the likelihood of hail in a given cell is

vations m; ’ and d; of MESH and population density respectively, we model the probability
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where f and g are transformations reducing the skew of the predictors (specified in Ap-
pendix B), and © = (81, d2, pt1, t2). This formulation assumes no false reports are made and
that MESH has no bearing on the probability of hail being reported. We further assume
conditional independence between spatiotemporal grid cells given the MESH and density
observations. Justifications and proposals to relax these assumptions are detailed in Ap-
pendix B. Unlike in maximum likelihood estimation, we have the opportunity to specify
priors upon © (see Appendix B) which incorporate scientific knowledge. Specifically, we
enforce p; > 0 to reflect that higher MESH values represent stronger evidence of severe hail
at the surface (Witt et al., 1998; Warren et al., 2020) and d; > 0 as reports are more likely
in densely populated areas (Allen and Allen, 2016; Barras et al., 2019; Allen and Tippett,
2015). Bayesian inference also facilitates robust uncertainty quantification.

Our models are fitted using RStan (Stan Development Team, 2022a), an R interface to Stan
(Stan Development Team, 2022b), itself an open-source implementation of the No-U-Turn
Sampler (NUTS), a Hamiltonian Markov Chain Monte Carlo (MCMC) sampling algorithm
(Betancourt, 2017). We utilised four chains in parallel to estimate O, each with 1000 burn-in
samples which were discarded and 1000 retained samples. Analysis of the data and models
was undertaken largely in R (R Core Team, 2022) employing heavily bayesplot (Gabry and

Mahr, 2022) and the tidyverse (Wickham et al., 2019). NUTS diagnostics, the R statistic,
and the effective sample size Neg were used to evaluate numerical performance (Gelman
et al., 2004; Betancourt, 2017). We assessed model fit via posterior predictive checking
(Gelman et al., 2004), reliability diagrams (Brocker and Smith, 2007), and the ignorance
score (Roulston and Smith, 2002).

3 RESULTS

Fitting this model resulted in R < 1.002 and Neg > 1500 for © indicating excellent Markov
chain mixing and sufficient quasi-independent draws for Bayesian inference (Gelman et al.,
2004). Figure 1 reveals the fitted functions in Equation 1 as calculated from the posterior
samples. Particularly interesting is the low probabilities of hail at moderate MESH values.
Typical radar-based analyses of Australian hail take MESH values above a threshold of
21mm to 32mm to indicate severe hail (Brook et al., 2021). However, at the 95% confidence
level, our model suggests the probability of hail is between [0.0449,0.1620] at 21mm MESH
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Figure 1: The posterior probability of (top) hail given MESH and (bottom) the conditional
probability of a report given hail fell as a function of the population density. Both curves
are logistic functions in the transformed predictors f(MESH) and g(density).

and [0.1118,0.3912] at 32mm. Hence, previous analyses of Australian hail may be poorly
calibrated and may inaccurately estimate current and future hail risk.

Although our model yields full distributions, and a reliability diagram suggests the prob-
abilities are well-calibrated (see Appendix D), we take the expected number of hail days
as a point estimate in Figure 2 when evaluating the model’s performance on the test set,
September 2015 - April 2016. Note that when MESH alone is utilised, the number of hail
days during the season is highly sensitive to the threshold chosen. Equation 1 avoids this
issue by modelling the probability of severe hail given a MESH observation as a continuous
function, rather than treating MESH as a binary indicator. Moreover, comparison with the
analysis derived solely from reports, which are concentrated around the state capital Bris-
bane and major highways, reveals that our model was able to use the information contained
within the reports without replicating the same biases.

Quantitatively, the mean ignorance, an information theoretic metric to assess probabilistic
forecasts! (Roulston and Smith, 2002), for the expected reporting probability is 0.0218 on
the training set and 0.0217 on the test set, suggesting our model generalises well across
seasons. As a reference, we consider the performance of a naive probabilistic forecast which
constantly predicts a reporting probability equal to the proportion of MESH observations
with reports in the training set. This naive forecast gives a mean ignorance of 0.0415 on
the training set and 0.0388 on the test set, indicating the value added by our model.

4  SENSITIVITY TESTING

Similar models applied to tornado reports (e.g. Potvin et al. (2019; 2022)) have encoun-
tered solution non-uniqueness and parameter confounding. Specifically, models struggled
to differentiate high reporting rates and low occurrence rates from low reporting rates and
high occurrence rates, as both can produce the same number of reports. We simulated data
from each of these two cases using distributions which produced the same expected number
of reports and fitted our model to each of the 100 simulated data sets using strongly in-

!Note that in our case using the ignorance score and the likelihood give the same results under
the assumption of temporally uncorrelated errors.
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Figure 2: The expected number of hail days from the Bayesian model applied to the Septem-
ber 2015 - April 2016 in comparison with two example radar thresholds and reports.

formative, weakly informative, and misleading priors (see Appendix C for further details).
We found that misleading priors may induce small bias, but in every case our model was
able to consistently and accurately differentiate the two regimes and avoided solution non-
uniqueness. We attribute our success to the utilisation of MESH as a predictor rather than
employing a spatially random process of tornadogenesis (Potvin et al., 2019; 2022).

We also verified model performance when the functions generating the data were not logistic
functions, contrary to our model’s assumptions (Equation 1). Whilst logistic functions were
chosen due to their flexibility, these less idealised tests assisted in determining the model’s
robustness to real observations. We also tested alternative distributions of the predictors to
assess the applicability of our model to unobserved data. Our experimentation with other
functions and predictor distributions (not included in this paper), suggested that the model
is most accurate when the predictors are uniformly distributed on a bounded range and
the probability to be estimated can be feasibly approximated by a logistic function. This
result motived our choices of f and g in Equation 1 as we selected functions which made
the distribution of the transformed variables more uniform (see Appendix B).

5 CONCLUSIONS

In order to better understand observations of severe hail in Australia, and ultimately better
characterise the current and future risk of these hazards, we have developed a novel Bayesian
model for severe hail at the surface. Our model accounts for uncertainty and biases in two
key data sources, radar and hail reports, and outputs probabilistic estimates of hail risk
with associated uncertainties. Hence, our model enables decision-makers to more accurately
assess hail risk and whilst being more aware of the uncertainty in our estimates. Our model’s
results in south-east Queensland suggest that conventional estimates using radar or reports
alone may be biased. Furthermore, our preliminary model evaluation suggests our model
has can generalise across hail seasons. Finally, our model is generalisable: the mathematics
would not change if we were to consider other severe hail proxies at different times and places
nor other severe weather reports like extreme wind or rain. Applications are also possible
beyond meteorology to other situations where reports of an event are only received in the
event’s presence rather than its absence and the absence of a report does not guarantee
non-occurrence of the event.
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APPENDICES

A  GRIDDED DATA

We utilise radar observations from the Australian Bureau of Meteorology’s (the Bureau’s)
Mount Staplyton S-band Doppler radar (ID: 66), situated on an isolated hill south-east
of central Brisbane (Bureau of Meteorology). We take radar observations over land within
approximately 120km of the radar itself, yielding a circular region of radar observations over
land between 26.50°S and 29.00°S and 151.75°E and 153.75°E. This swath is slightly less
than the range at which radar can retrieve data but we found radar retrievals beyond this
point to be of lower quality, likely due to beam broadening and geographical obstructions
(Bureau of Meteorology; Cintineo et al., 2012; Blair et al., 2011). It is also common to not
employ data measured very close to the radar due to the cone of silence: Australian radars
do not scan overhead (Soderholm et al., 2016; Blair et al., 2011). However, given we are
employing this data at 6-hourly resolution on a 0.25° spatial grid (approximately 25km x
25km), any storm directly over the radar would very likely move away from radar and into
a position within that grid cell area where it could be scanned. Hence we did not consider
it necessary to exclude grid cells close to the radar from our analysis.

There are many possible indices derived from radar which can be used as proxies of varying
skill for the presence of (severe) hail (Knight and Knight, 2001; Saltikoff et al., 2010; Blair
et al., 2011; Brook et al., 2021). Whilst metrics derived from dual-polarised (DP) radars
are typically more skilful, as they can distinguish oblate raindrops from quasi-spherical
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hailstones (Murillo and Homeyer, 2019), DP radars are uncommon in Australia; the Mount
Staplyton radar is itself single-polararised (Soderholm et al., 2022). Single-polarised indices
are therefore our best choice if we wish our methods to be applicable widely in Australia.
Arguably the most popular such hail index is the maximum expected size of hail (MESH)
derived by Witt et al. (1998). Whilst generally unable to accurately determine the maximum
expected size of hail (Witt et al., 1998; Warren et al., 2020; Cintineo et al., 2012; Brimelow
and Taylor, 2017; Murillo and Homeyer, 2019), MESH, a transformation of a temperature
weighted vertical integral of the effective reflectivity factor, is commonly used in operational
forecasting as an indicator of severe hail [@warren20; @brimelow17]. MESH is provided
within the cleaned and pre-processed radar retrievals supplied by the Bureau (Soderholm
et al., 2022). The temperature required to weight the integral is derived from hourly ERAS
reanalysis data (Soderholm et al., 2022; Hersbach et al., 2020). We utilise the maximum
MESH, where available, over the spatiotemporal grid cell to capture the storm’s greatest
severity as well as the drift of hailstones from the swath where they were measured (Brimelow
and Taylor, 2017), but acknowledge the possibility of many other possible and more nuanced
choices (like that of Warren et al. (2020) or Brook et al. (2021)).

The ABS provides freely available estimated resident population (ERP) data at a variety of
resolutions between years 2001 to 2021 (Australian Bureau of Statistics, 2021). Although
since updated, at the time these results were generated the only freely available gridded
product gave the 2021 ERP at 1km? resolution (Australian Bureau of Statistics, 2022)
which we transform from the Australian Albers coordinate reference system to a Mercartor
grid using QGIS (QGIS Development Team, 2022). From here it was simple to, again
in QGIS, take areal averages to coarsen this data to 0.25°resolution. We note that the
distribution of population in each grid cell is strongly skewed, and so, from hereon, utilise
the logarithm of the population density. Given Brisbane’s rapid population growth from
2010 to 2021 (Australian Bureau of Statistics, 2021), utilising this older data may introduce
some error, and in future iterations of this work will update to use the newly available 2015
data. A further potential issue is the difficulty of defining the average population density
of a coastal grid cell containing ocean. We opted to treat the ocean as unpopulated land
and then averaged the density over this area, but do acknowledge that this approach may
falsely deflate the population density of densely-populated coastal regions.

Hail reports were drawn from the Severe Storms Archive (SSA) which, as of 1987, is oper-
ated by the Bureau’s Severe Weather Forecasting Section (Schuster et al., 2005; Hand and
Cappelluti, 2011). Whilst the SSA is nominally still operational, the number of hail reports
since the 2015-2016 storm season has decreased to near zero despite a spate of known severe
events reported in the media and hence we do not attempt to utilise the SSA beyond this
season. Report quality is also an issue: Schuster et al. (2005) found that a reliable time
of event was only available for half the reports in the database. We manually investigated
the timings of events reported before 1200 local time (Australian Eastern Standard Time,
AEST) as there is a known peak in hail activity during the late afternoon and low activity
in the morning (Dowdy et al., 2020; Taszarek et al., 2020; Schuster et al., 2005; Rasuly
et al., 2015). We found that many of these morning reports were simply assigned the de-
fault time of 0000 UTC (1000 AEST). This default value was particularly common prior
to 2010, prompting us to ignore these older reports, and manually examine and assign to
the correct temporal bin the remaining 12 cases. Correction was informed by radar images,
comments associated with the report, and contemporary news articles. We also noted from
the comments some events before 1200 AEST indicated that these vents did take place in
the afternoon, but the time was not correctly converted to UTC. We then made this conver-
sion. These tow cases eliminated all reports in our study region before 1200 AEST. Whilst
spatial errors are also possible (Schuster et al., 2005; Rasuly et al., 2015), and we corrected
the most egregious errors (e.g. 0°N, 0°E), we did not investigate smaller errors further as
we used coarse spatial bins that we effectively mitigated inaccuracies. In rare cases where
two or more reports fall in the same spatiotemporal bin, the report corresponding to the
largest hail size was retained.
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B MODEL DERIVATION

We firstly assumed that if MESH was not recorded as there was simply no reflectivity in the
region of probable hail growth (Witt et al., 1998), then the probability of hail falling was
zero. Whilst imperfect, as MESH could be missing due to radar malfunction, beam blocking,
or beam broadening (Strzinar and Skok, 2018) and so we may miss a small number of hail
events, this assumption enables us to focus our analysis upon moments where hail was most
plausible. Consider then grid cell ¢ at time ¢, and associated available MESH observation

mz(-t), population density d;, and a binary indicator RZ@ of a hail report being made. Note we
considered only the existence of a hail report, rather than the information contained therein,
due to the approximate and inconsistent nature of supplementary reporting information.
Our variable of interest is the unobserved binary indicator of severe hail in cell i at time ¢,

Hi(t). We cannot model Hi(t) directly and so we model it via the observed reports

PRV =1|m", d;,©)

i
where O contains the model parameters. We now introduce hail via Hi(t) obtaining

P(RY =1|m" d;,0)=P(R" =1,HY =1|mY d;,0)

(2)
+P(RY =1,H" =0|m{",d;, 0).
Here we make our second assumption: reports cannot be false since the Bureau verifies
reports prior to their addition to the SSA and we perform our own quality control. Hence
the last term in Equation 2 is zero. The definition of conditional probability then yields

P(RY =1|m" d;,0)=PRY =1 HY = 1,m d;,0)P(HY =1 |m!, d;,0)

Further we assumed that knowledge of severe hail, by conditioning upon Hi(t) =1, en-

capsulates information in mgt). Whilst larger hail is generally more likely to be reported

(Williams et al., 1999; Cintineo et al., 2012; Kelly et al., 1985), MESH has limited skill in
inferring hail size (Witt et al., 1998; Warren et al., 2020; Cintineo et al., 2012; Brimelow
and Taylor, 2017; Murillo and Homeyer, 2019) and so we do not employ it for this purpose
in our reporting model. Moreover, we assumed that hailstorms are ambivalent to human
presence and so the density measurement does not inform the actual probability of hail fall.
These assumptions leave us with

P(RY =1|m" d;,0) = PRV =1 | HY = 1,d;,0)P(H" =1|mD 0). (3
Thus our model is composed of a reporting model and a hail model represented by each of
the two factors in Equation 3 respectively. Whilst our primary interest is in the hail model
which links MESH to probabilities of hail, as from this model we can infer hail probabilities
from a MESH time series, we need also describe the reporting process to linking hail to
the reports we observe. The way in which we construct these models is governed by the
parameter ©. Whilst we have constructed Equation 3 for our specific application, we note
that these models could be far mare general in nature: ml(-t) and d; could each be replaced
with several covariates as desired and the hail variable too could be easily changed to other
binary indicators of interest. Even our assumption that all reports are legitimate could be
relaxed so long as we then modelled the process governing false reports as a function of the
available covariates.

When constructing a Bayesian model we require both a model for the data given the pa-
rameters, the likelihood, and the priors on these parameters (Gelman et al., 2004). To
expand Equation 3 into a likelihood function for the full data, we assumed further that,
conditional upon mgt) and d; the probability of hail in a any grid cell is independent of any
other. This assumption is mathematically convenient, but also stringent. Notably, under
this assumption we fail to capture the possibility of hail advection between cells. Whilst we
still obtained acceptable results, it could be relaxed by incorporating additional predictors
into the hail model, like the MESH values of neighbouring cells. Finally, we must specify
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forms for the reporting and hail models to fully specify the likelihood. We employ logistic
functions for each, namely

1

(t) (t)

PR” =1|H;” =1,d;,0) = !

(R; | H, ) 1+ exp [—(01f (di) + 62)] W
and 1

PH =1|m{", 0) = ®)

p[ ,ulg( i H2
where
f(d) =logd

and

g (m) = log ((2”;4)2 + 1)

reduces the skew in the MESH values (by first transforming MESH to the significant hail in-
dex, see Witt et al. (1998)) and © = (91, d2, 11, 42). The logistic functions could be replaced
by other parametrisations, lending generality to our model. A caveat to this flexibility is the
importance of selecting functions that are non-linear in the unknown parameters. If not, it
becomes impossible to separate the influence on a grid cell’s reporting probability of each
of the two factors as they can be scaled arbitrarily.

Lastly, we must specify priors. We found that, of the possibilities we tested, weakly infor-
mative priors upon each of the four parameters best enabled the data to drive the posterior
whilst minimising bias. Nonetheless, we strongly suspect that reports are more likely over
densely populated areas and severe hail more likely at higher MESH values. Hence we en-
forced that Equation 5 and Equation 4 be monotonically increasing by requiring d; > 0 and

m1 > 0. Hence our priors are
1\2
81 ~ log N (—logQ, (2) ) )

Sy ~ N (=5,2%),
p1 ~log N (0,1%), and
po ~ N (—37 12)

where N (u,a2) denotes the normal distribution with mean p and variance o?

and
log N/ (u, 02) denotes the log-normal distribution with the same parameters.

C IDEALISED PARAMETER CONFOUNDING EXPERIMENTS

In these simulations, the observed MESH time series for each grid cell and the associated
population density remained unchanged. However, the probabilities in Equation 4 and
Equation 5 were calculated using known parameters, specified in Table 1. Reports were
then simulated from independent Bernoulli distributions governed by these probabilities
and hence data was generated in the exact way specified by our model.

In Table 1 we use the notation N’ (u, 02) to denote the normal distribution with mean p and

variance 2. The notation Mirunc (M,UZ) indicates the normal distribution was truncated
with a lower bound of zero.

D RELIABILITY DIAGRAM

We constructed the reliability diagram following Brécker and Smith (2007). The 95% boot-
strap confidence intervals are derived from 1000 simulations supposing the expected proba-
bilities from the model posterior distribution were perfectly reliable. Thus, the uncertainty
bounds represent the innate variability within each interval of a reliable forecast. For this
reason, there is greater uncertainty when where are fewer observations represented by the
data point.
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Table 1: Parameters and prior distributions used in the idealised simulations.
(a) Hail probability parameters.
my m2
Regime | Priors Value | Prior Value | Prior
Strongly informative Nerune (1,12 N (—-6.9,12
LHHR | Weakly informative 1 trunc (1,32 6.9 | N (—6.9,32
Misleading Mrunc 37 12 N _87 12)
Strongly informative Nerune (3,12 N (=8, 12
HHLR | Weakly informative 3 erunc (3,32 8.0 | N (-8,32
Misleading Nirune (1,12 N (=6.9,1%)
(b) Conditional reporting probabilty parameters.
dy do
Regime | Priors Value | Prior Value | Prior
Strongly informative Nerune (1,12 N (=2,12
LHHR | Weakly informative 1.0 | Nirune (1,32 2| N (2,32
Misleading Nirunc (0.5,12) N (—4,12
Strongly informative Nirune (0.5, 12 N (—4,12
HHLR | Weakly informative 0.5 | NMerune (0.5,32 4 | N (—4,32
Misleading brunc (1,1%) N (2,12
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Figure 3: Reliability diagram for the test set (September 2015 - April 2016) storm season
forecasts with an associated 95% confidence interval.

12



